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1. Introduction
The notion of CR-submanifold, first introduced in Ka¨hler geometry by Bejancu
(see [3]), was extended in the quaternion settings by Barros, Chen and Urbano in
[2]. They consider CR-quaternion submanifolds of quaternion Ka¨hlerian manifolds
as generalizations of both quaternion and totally real submanifolds. Some foliations
on this kind of submanifolds have been studied in [6] and [10].
The natural product of two Ka¨hlerian manifolds is also a Ka¨hlerian manifold
([15]) and the geometry of CR-submanifolds of Ka¨hlerian product manifolds is an
interesting subject which was studied in [1] and [13]. On the other hand, the
product of two quaternion Ka¨hler manifolds does not become a quaternion Ka¨hler
manifold, but it is an almost quaternion Ka¨hler product manifold (see [9]).
The study of quaternion CR-submanifolds of an almost quaternion Ka¨hler prod-
uct manifold was initiated in [8] by Kang and Lee. IfM is a such kind of submanifold
then two distributions, denoted by D and D⊥, are defined on M . Moreover, if D⊥
is invariant with respect to the canonical almost product structure F on M , it fol-
lows that D⊥ is always integrable and so we have a foliation onM , called canonical
totally real foliation onM ; on the other hand, ifM is a D-geodesic CR-submanifold
and D is F -invariant then D is also integrable and so we have another foliation on
M , called quaternion foliation. The object of this note is to study these foliations.
2. Preliminaries
Let M be a smooth manifold endowed with a tensor F of type (1,1) such that
F 2 = Id. Then (M,F ) is said to be an almost product manifold with almost product
structure F . Moreover if g is a Riemannian metric on M such that:
g(FX,FY ) = g(X,Y ), ∀X,Y ∈ Γ(TM),
then we say that (M,F, g) is an almost product Riemannian manifold.
Definition 2.1. ([9]) Let (M,F, g) be an almost product Riemannian manifold of
dimension 4n and assume that there is a rank 3-subbundle σ of End(TM) satisfying
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the following conditions:
i. A local basis {J1, J2, J3} exists of sections of σ such that:
J21 = J
2
2 = J
2
3 = −Id, J1J2 = −J2J1 = J3 (2.1)
and
g(JαX, JαY ) = g(X,Y ), α ∈ {1, 2, 3} (2.2)
for all local vector fields X , Y on M .
ii. The Levi-Civita connection ∇ of g satisfies:
(∇XJ1)Y = k[ ω3(X)J2Y − ω2(X)J3Y + ω3(FX)J2(FY )− ω2(FX)J3(FY )]
(∇XJ2)Y = k[−ω3(X)J1Y + ω1(X)J3Y − ω3(FX)J1(FY ) + ω1(FX)J3(FY )]
(∇XJ3)Y = k[ ω2(X)J1Y − ω1(X)J2Y + ω2(FX)J1(FY )− ω1(FX)J2(FY )]
(2.3)
for some non-zero constant k and all vector field X , Y on M , ω1, ω2, ω3 being local
1-forms over the open for which {J1, J2, J3} is a local basis of σ.
Then (M,F, σ, g) is said to be an almost quaternion Ka¨hler product manifold.
Remark 2.2. The natural product manifold of two quaternion Ka¨hler manifolds is
an almost quaternion Ka¨hler product manifold. In this case we have k = 1
2
(see
[9]).
Definition 2.3. ([2]) A submanifold M of an almost quaternion Ka¨hler product
manifold (M,F, σ, g) is called a quaternion CR-submanifold if there exist two or-
thogonal complementary distributions D and D⊥ on M such that:
i. D is invariant under quaternion structure, that is:
Jα(Dx) ⊆ Dx, ∀x ∈M, ∀α ∈ {1, 2, 3}; (2.4)
ii. D⊥ is totally real, that is:
Jα(D
⊥
x ) ⊆ TxM
⊥, ∀α ∈ {1, 2, 3}, ∀x ∈M. (2.5)
A submanifold M of an almost quaternion Ka¨hler product manifold (M,F, σ, g)
is a quaternion submanifold (respectively, a totally real submanifold) if dim D⊥ = 0
(respectively, dim D = 0).
A submanifold M of an almost quaternion Ka¨hler product manifold (M,F, σ, g)
is called F -invariant if F (TxM) ⊂ TxM, ∀x ∈M .
The distribution D (respectively D⊥) is said to be F -invariant if F (D) ⊂ D
(respectively F (D⊥) ⊂ D⊥).
Definition 2.4. ([2]) LetM be a quaternion CR-submanifold of an almost quater-
nion Ka¨hler product manifold (M,F, σ, g). Then M is called a QR-product if M
is locally the Riemannian product of a quaternion submanifold and a totally real
submanifold of M .
Remark 2.5. For a submanifoldM of an almost quaternion Ka¨hler product manifold
(M,F, σ, g), we denote by g the metric tensor induced on M . If ∇ is the covariant
differentiation induced on M , the Gauss and Weingarten formulas are given by:
∇XY = ∇XY +B(X,Y ), ∀X,Y ∈ Γ(TM) (2.6)
and
∇XN = −ANX +∇
⊥
XN, ∀X ∈ Γ(TM), ∀N ∈ Γ(TM
⊥) (2.7)
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where B is the second fundamental form ofM , ∇⊥ is the connection on the normal
bundle and AN is the shape operator of M with respect to N . The shape operator
AN is related to B by:
g(ANX,Y ) = g(B(X,Y ), N), (2.8)
for all X,Y ∈ Γ(TM) and N ∈ Γ(TM⊥).
Definition 2.6. ([2]) LetM be a quaternion CR-submanifold of an almost quater-
nion Ka¨hler product manifold (M,σ, g). The we say that:
i. M is D-geodesic if B(X,Y ) = 0, ∀X,Y ∈ Γ(D).
ii. M is D⊥-geodesic if B(X,Y ) = 0, ∀X,Y ∈ Γ(D⊥).
iii. M is mixed geodesic if B(X,Y ) = 0, ∀X ∈ Γ(D), Y ∈ Γ(D⊥).
We recall now the following results which we shall need in the sequel.
Theorem 2.7. ([8]) If M is a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that the totally real distribution D⊥ is
F -invariant, then D⊥ is integrable.
Theorem 2.8. ([8]) If M is a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that the quaternion distribution D is F -
invariant, then D is integrable if and only if M is D-geodesic.
3. Totally real foliation on a quaternion CR-submanifold
LetM be a quaternion CR-submanifold of an almost quaternion Ka¨hler product
manifold (M,F, σ, g). Then we have the orthogonal decomposition:
TM = D ⊕D⊥.
We have also the following orthogonal decomposition:
TM⊥ = µ⊕ µ⊥,
where µ is the subbundle of the normal bundle TM⊥ which is the orthogonal
complement of:
µ⊥ = J1D
⊥ ⊕ J2D
⊥ ⊕ J3D
⊥.
If the totally real distribution D⊥ is F -invariant, by Theorem 2.7 we can consider
the foliation F⊥ onM , with structural distribution D⊥ and transversal distribution
D, called the canonical totally real foliation on M .
We can illustrate now some of the techniques in this paper on the following
theorem (see also [4], [5], [6], [8]).
Theorem 3.1. If M is a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that the totally real distribution D⊥ is
F -invariant, then the next assertions are equivalent:
i. The canonical totally real foliation F⊥ is totally geodesic;
ii. B(X,Y ) ∈ Γ(µ), ∀X ∈ Γ(D), Y ∈ Γ(D⊥);
iii. ANX ∈ Γ(D
⊥), ∀X ∈ Γ(D⊥), N ∈ Γ(µ⊥);
iv. ANY ∈ Γ(D), ∀Y ∈ Γ(D), N ∈ Γ(µ
⊥).
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Proof. i. ⇔ ii. For X,Z ∈ Γ(D⊥) and Y ∈ Γ(D) we have:
g(Jα(∇XZ), Y ) = −g(∇XZ −B(X,Z), JαY )
= g(−(∇XJα)Z +∇XJαZ, Y )
= kg(ωβ(X)JγZ − ωγ(X)JβZ, Y )
+kg(ωβ(FX)Jγ(FZ)− ωγ(FX)Jβ(FZ), Y )
+g(−AJαZX +∇
⊥
XJαZ, Y )
= −g(AJαZX,Y )
where (α, β, γ) is an even permutation of (1,2,3), and taking into account (2.7) we
obtain:
g(Jα(∇XZ), Y ) = −g(B(X,Y ), JαZ). (3.1)
The equivalence is now clear from (3.1).
ii. ⇔ iii. This equivalence follows from (2.8).
iii. ⇔ iv. This equivalence is true because AN is a self-adjoint operator. 
Proposition 3.2. If M is a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that the totally real distribution D⊥ is
F -invariant and M is mixed geodesic, then the canonical totally real foliation F⊥
is totally geodesic.
Proof. The assertion follows from Theorem 3.1. 
A submanifoldM of a Riemannian manifold (M, g) is said to be a ruled subman-
ifold if it admits a foliation whose leaves are totally geodesic immersed in (M, g).
Definition 3.3. A quaternion CR-submanifold of an almost quaternion Ka¨hler
product manifold which is a ruled submanifold with respect to the foliation F⊥ is
called totally real ruled quaternion CR-submanifold.
Theorem 3.4. Let M be a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that D⊥ is F -invariant. The next asser-
tions are equivalent:
i. M is a totally real ruled quaternion CR-submanifold.
ii. M is D⊥-geodesic and:
B(X,Y ) ∈ Γ(µ), ∀X ∈ Γ(D), Y ∈ Γ(D⊥).
iii. The subbundle µ⊥ is D⊥-parallel, i.e:
∇⊥XJαZ ∈ Γ(µ
⊥), ∀X,Z ∈ D⊥, α ∈ {1, 2, 3}
and the second fundamental form satisfies:
B(X,Y ) ∈ Γ(µ), ∀X ∈ Γ(D⊥), Y ∈ Γ(TM).
iv. The shape operator satisfies:
AJαZX = 0, ∀X,Z ∈ D
⊥, α ∈ {1, 2, 3}
and
ANX ∈ Γ(D), ∀X ∈ Γ(D
⊥), N ∈ Γ(µ).
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Proof. i. ⇔ ii. For any X,Z ∈ Γ(D⊥) we have:
∇XZ = ∇XZ +B(X,Z)
= ∇D
⊥
X Z + h
⊥(X,Z) +B(X,Z)
and thus we conclude that the leaves of D⊥ are totally geodesic immersed in M
if and only if h⊥ = 0 and M is D⊥-geodesic. The equivalence is now clear from
Theorem 3.1.
i. ⇔ iii. For any X,Z ∈ Γ(D⊥), and U ∈ Γ(D) we have:
g(∇XZ,U) = g(Jα∇XZ, JαU)
= g(−(∇XJα)Z +∇XJαZ, JαU)
= kg(ωβ(X)JγZ − ωγ(X)JβZ, JαU)
+kg(ωβ(FX)Jγ(FZ)− ωγ(FX)Jβ(FZ), JαU)
+g(−AJαZX +∇
⊥
XJαZ, JαU)
= −g(AJαZX, JαU)
where (α, β, γ) is an even permutation of (1,2,3), and from (2.8) we obtain:
g(∇XZ,U) = −g(B(X, JαU), JαZ). (3.2)
On the other hand, for any X,Z,W ∈ Γ(D⊥) we have:
g(∇XZ, JαW ) = g(B(X,Z), JαW ). (3.3)
If X,Z ∈ Γ(D⊥) and N ∈ Γ(µ), then we have:
g(∇XZ,N) = g(Jα∇XZ, JαN)
= g(−(∇XJα)Z +∇XJαZ, JαN)
= kg(ωβ(X)JβZ + ωγ(X)JγZ,N)
+kg(ωβ(FX)Jβ(FZ) + ωγ(FX)Jγ(FZ), N)
+g(−AJαZX +∇
⊥
XJαZ, JαN)
and thus we obtain:
g(∇XZ,N) = g(∇
⊥
XJαZ, JαN). (3.4)
Finally, M is a totally real ruled quaternion CR-submanifold if and only if
∇XZ ∈ Γ(D
⊥), ∀X,Z ∈ Γ(D⊥) and by using (3.2), (3.3) and (3.4) we deduce
the equivalence.
ii. ⇔ iv. This is clear from (2.8). 
Corollary 3.5. Let M be a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that D⊥ is F -invariant. If M is totally
geodesic, then M is a totally real ruled quaternion CR-submanifold.
Proof. The assertion is clear from Theorem 3.4. 
4. QR-products and foliations with bundle-like metric
From Theorem 2.8 we deduce that any D-geodesic CR-submanifold of an al-
most quaternion Ka¨hler product manifold such that D is F -invariant, admits a
σ-invariant totally geodesic foliation, which we denote by F, called quaternion foli-
ation.
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Proposition 4.1. If M is a totally geodesic quaternion CR-submanifold of an
almost quaternion Ka¨hler product manifold (M,F, σ, g) such that D and D⊥ are
F -invariant, then M is a ruled submanifold with respect to both foliations F and
F⊥.
Proof. The assertion follows from Theorem 2.8 and Corollary 3.5. 
Theorem 4.2. Let M be a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that D and D⊥ are F -invariant. Then
M is a QR-product if and only if the next two conditions are satisfied:
i. M is D-geodesic.
ii. B(X,Y ) ∈ Γ(µ), ∀X ∈ Γ(D⊥), Y ∈ Γ(D).
Proof. The proof is immediate from Theorems 2.8 and 3.1.

Let (M, g) be a Riemannian manifold and F a foliation on M . The metric g is
said to be bundle-like for the foliation F if the induced metric on the transversal
distribution D⊥ is parallel with respect to the intrinsic connection on D⊥. This is
true if and only if the Levi-Civita connection ∇ of (M, g) satisfies (see [4]):
g(∇Q⊥YQX,Q
⊥Z) + g(∇Q⊥ZQX,Q
⊥Y ) = 0, ∀X,Y, Z ∈ Γ(TM), (4.1)
where Q⊥ is the projection morphism of TM on D⊥.
If for a given foliation F there exists a Riemannian metric g on M which is
bundle-like for F, then we say that F is a Riemannian foliation on (M, g).
Theorem 4.3. Let M be a quaternion CR-submanifold of an almost quaternion
Ka¨hler product manifold (M,F, σ, g) such that D⊥ is F -invariant. The next asser-
tions are equivalent:
i. The induced metric g on M is bundle-like for the totally real foliation F⊥.
ii. The second fundamental form B of M satisfies:
B(U, JαV ) +B(V, JαU) ∈ Γ(µ)⊕ Jβ(D
⊥)⊕ Jγ(D
⊥), ∀U, V ∈ Γ(D)
for α = 1, 2 or 3, where (α, β, γ) is an even permutation of (1, 2, 3).
Proof. From (4.1) we deduce that g is bundle-like for totally real foliation F⊥ if and
only if:
g(∇UX,V ) + g(∇VX,U) = 0, ∀X ∈ Γ(D
⊥), U, V ∈ Γ(D). (4.2)
On the other hand, for any X ∈ Γ(D⊥), U, V ∈ Γ(D) we have:
g(∇UX,V ) + g(∇VX,U) = g(∇UX −B(U,X), V ) + g(∇VX −B(V,X), U)
= g(∇UX,V ) + g(∇VX,U)
= g(−(∇UJα)X +∇UJαX, JαV )
+g(−(∇V Jα)X +∇V JαX, JαU)
= kg(ωβ(U)JγX − ωγ(U)JβX, JαV )
+kg(ωβ(FU)Jγ(FX)− ωγ(FU)Jβ(FX), JαV )
+kg(ωβ(V )JγX − ωγ(V )JβX, JαU)
+kg(ωβ(FV )Jγ(FX)− ωγ(FV )Jβ(FX), JαU)
+g(∇UJαX, JαV ) + g(∇V JαX, JαU)
= −g(AJαXU, JαV )− g(AJαXV, JαU)
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where (α, β, γ) is an even permutation of (1,2,3), and taking into account (2.8) we
derive:
g(∇UX,V ) + g(∇VX,U) = −g(B(U, JαV ) +B(V, JαU), JαX), (4.3)
for any X ∈ Γ(D⊥), U, V ∈ Γ(D).
The proof is now complete from (4.2) and (4.3). 
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